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Abstract

Understanding the effect of individual parameters
on the collective performance of swarm robotic sys-
tems in order to design and optimise individual robot
behaviours is a significant challenge. This paper
presents a probabilistic model of a swarm foraging
task. A number of difference equations are derived to
describe the probabilistic finite state machine for the
task at a macroscopic level. A geometrical approach is
then developed in order to estimate the state transition
probabilities by considering the simple strategies of
individual robots. The paper validates the mathemati-
cal model using the simulation tools Player/Stage, and
results show the model achieves excellent agreement
with simulation.

1. Introduction

Inspired by biological systems, swarm robotics is a rela-
tively new approach to the coordination of a large number
of simple robots. Despite the limited sensing, communica-
tion and computation abilities of each individual robot in the
swarm, complex self-organised behaviours, which cannot be
observed at the individual level, can emerge from local inter-
actions among robots and between the robots and the environ-
ment. Such collective behaviours may be biologically plausi-
ble, such as cluster sorting (Holland and Melhuish, 1999) or
cooperative stick-pulling (Martinoli, 1999) or they may have
no parallel in nature, such as coherent wireless networking
(Nembrini et al., 2002). Advantages of the swarm robotics
approach lie in the properties of scalability, adaptivity and
robustness of the group. However, one of the challenges in
swarm robotics is to understand the effect of individual pa-
rameters on the group performance in order to design and
optimise individual robot behaviours and hence achieve the
desired collective swarm properties. Much work has been
done with either simulation or real robots to test the perfor-
mance of the group and consequently change individual robot
behaviours and their parameters using a trial and error pro-
cess, but relatively little work has approached this problem

with mathematical modelling. A probabilistic model, using
both microscopic and macroscopic approaches has, however,
been successfully applied to analysis of collective swarm be-
haviour. Martinoli and coworkers used a microscopic ap-
proach to study collective behaviour of a swarm of robots
engaged in cluster aggregation (Martinoli et al., 1999) and
collaborative stick-pulling (Ijspeert et al., 2001), in which a
robot’s interactions with other robots and the environment
are modelled as a series of stochastic events, with proba-
bilities determined by simple geometric considerations and
systematic experiments with one or two real robots. In con-
trast, Lerman developed a macroscopic model, as widely used
in physics, chemistry, biology and the social sciences, to di-
rectly describe the collective behaviour of the robotic swarm.
A class of macroscopic models have been used to study the
effect of interference in a swarm of foraging robots (Lerman,
2002) and collaborative stick-pulling (Lerman et al., 2002;
Martinoli and Easton, 2004). More recently, Lerman et al.
(2006) have successfully expanded the macroscopic proba-
bilistic model to study dynamic task allocation in a group of
robots engaged in a puck collecting task, in which the robots
need to decide whether to pick up red or green pucks based
on observed local information.

In our previous work, we described a group of foraging
robots with an adaptation mechanism to optimise the energy
income to the swarm (Liu et al., 2006). Three adaptation rules
are introduced based on local sensing and communications.
Individual robots use internal cues (successful food retrieval),
environmental cues (collisions with teammates while search-
ing for food) and social cues (teammate success in food re-
trieval) to dynamically vary the time spent foraging or rest-
ing. Simulation results show the adaptation mechanism is
able to guide the swarm towards energy optimisation. How-
ever, it is unclear how closely the swarm with the adaptation
mechanism approaches optimal energy efficiency; such op-
timal values remain unknown as all the parameters for the
adaptation algorithm have hitherto been selected on a trial
and error basis and there are no obvious guidelines for fine
tuning these parameters. Following an approach similar to



those presented by Martinoli and Lerman, we will develop a
macroscopic probabilistic model to describe the foraging task
for a swarm of homogeneous robots in which each robot has a
number of time parameters, and mathematically explore how
those parameters effect the group performance.

This paper is organised as follows: a probabilistic finite
state machine for swarm foraging is introduced in section 2,
we then develop the difference equations to describe the prob-
abilistic finite state machine in section 3. The estimation of all
the probabilities and time parameters are presented based on
geometric considerations in section 4; we validate the model
using simulation in section 5 and conclude the paper in sec-
tion 6.

2. Probabilistic Finite State Machine for
Swarm Foraging

Consider the swarm foraging scenario: there are a number
of food-items randomly scattered in the arena and as food is
collected more will, over time, ‘grow’ to replenish the supply.
A swarm of robots are searching and retrieving food-items
back to the ‘nest’. Each food-item collected will deliver an
amount of energy to the swarm but the activity of foraging
will consume a certain amount of energy at the same time.
The foraging task can be described as a probabilistic finite
state machine (PFSM) as shown in Fig.1.
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Figure 1: PFSM for foraging task.

By default, a robot will be in statesearching, denoted by
S. In each time step, it has probabilityγf to find a food-item
thus move to stategrabbing, denotedG, in which it will move
towards the target food-item until it is close enough to grabit
using the gripper. Once the robot successfully grabs the food-
item it will move to statedeposit, sayD, in which the robot
moves back to the ‘nest’ carrying the food-item and unloads
it. After the robot has unloaded the food-item it will remain
in stateresting, denotedR, for τr seconds and then move
to statesearching. Meanwhile, for the robot in stateS, if it
fails to find a food-item within timeτs, it will move to state
homing, denotedH , resulting in the robot moving back to

the ‘nest’ to save energy or minimise interference with other
robots. The same rule applies to the robot in stateG if its
searching time limit is reached even though it may be moving
towards a food-item. Due to the competition among robots
more than one robot may see the same food-item and thus
move towards it at the same time; clearly only one of them
can grab it, a robot in stateG therefore has probabilityγl

to lose sight of the food-item if it has already been grabbed
by another robot, which in turn drives the robot back to state
searching.

For robots moving in the arena, they may collide with each
other because of limited space. Thus robots in statesS, G,
D andH will move to stateavoidanceA,Ag,Ad andAh re-
spectively with probabilityγr, as shown in Fig.1. The avoid-
ance behaviour takesτa seconds to complete before the robot
moves back to its previous state. The transitions in Fig.1 can
be divided into two categories; one is triggered by the proba-
bility an event occurs, such as catching sight of a food-itemor
collision with other robots, the other is triggered by the time
duration spent in one specific state. For instance, the transi-
tion between stateR andS is triggered by the time the robot
rests at the ‘nest’ while transfer from stateS toH is triggered
by the time the robot has been engaged in searching. Note
that for the robots in statesG, H andD, they are all mov-
ing towards a specific target which is either a food-item or
the ‘nest’, henceτg, τh andτd represent the average time the
robot will stay in the corresponding state before moving to
another state. Note that the transitions from stateavoidance
to other states depend not only on the parametersτa but also
the parametersτs, τh or τd; the latter are indicated by dotted
lines in Fig. 1 with higher priority.

3. Mathematical Description of the PFSM

We now consider the average number of robots in each state
based on the probabilistic finite state machine of Fig.1 which
describes the foraging task at the level of the individual robot.
The change in the average number of robots in each state can
be mathematically described with a set of difference equa-
tions in the discrete-time domain. The time parametersτs,
τg, τh, τd, τr andτa are therefore discretised to beTs , Tg,
Th, Td, Tr andTa accordingly. The complete set of equations
are given in the following sections.

3.1 Master Difference Equations

LetNS(k), NG(k), ND(k), NH(k) andNR(k) be the aver-
age number of robots in statesearching, grabbing, deposit,
homing and resting respectively in time stepk. Also let
NA(k), NAg

(k), NAd
(k) andNAh

(k) be the average num-
ber of robots in statesavoidancewhich transfer from states
searching, grabbing depositandhomingrespectively. Obvi-
ously, the total number of robots in the swarm must remain
constant from one time step to the next. IfN0 represents the



total number of robots in the swarm, then we have

N0 =NS(k) +NR(k) +NG(k) +ND(k) +NH(k)

+NA(k) +NAh(k) +NAg
(k) +NAd

(k)
(1)

Following the full PFSM for swarm foraging shown in
Fig.1, we can derive a number of difference equations to de-
scribe the changes of average number of robots in each state.
ConsiderNS(k) first, we have

NS(k + 1) =NS(k) + γl(k)NG(k) + ∆R(k − Tr)

+
[

∆A(k − Ta) −ΩA(k − Ta)
]

+
[

∆Ag
(k − Ta) −ΩAg

(k − Ta)
]

−
[

γr(k) + γf (k)
]

NS(k)

− ΓS(k + 1)

(2)

The second term on the right-hand side of Eq.(2) repre-
sents the number of robots losing sight of a food-item while
moving towards it; the probability of losing sight of a food-
item for one robot,γl(k), varies from time to time depend-
ing on the number of food-items available and the number
of robots competing for food collection. The third term on
the right-hand side denotes the number of robots transferring
from stateresting, where∆R(k) is the number of robots
moving to staterestingfrom other states at time stepk. The
fourth to seventh entries count the number of robots complet-
ing their avoidance behaviour successfully, in which∆A(k)
and∆Ag

(k) denote the number of robots moving into state
avoidanceat time stepk, while ΩA(k) andΩAg

(k) repre-
sent the number of robots in stateavoidancewhose searching
time is up and will hence transfer to statehominginstead of
searching. The following term describes the number of robots
which will transfer to stateavoidance(for γr(k)NS(k)) and
grabbing(for γf (k)NS(k)), where the probability one robot
collides with others, i.e.γr(k), changes with the number of
robots foraging (not in stateresting) changing, andγf (k)
denotes the probability that the robot catch the sight of at
least one food-item. The last term on the right-hand side of
Eq.(2) represents the number of robots which will give up the
searchingtask and transfer to statehoming.

Similarly, we can write down the difference equations for
the other states as follows.

NR(k + 1) =NR(k) + ∆R(k + 1) − ∆R(k − Tr) (3)

NH(k + 1) =NH(k) − γr(k)NH(k) + ∆H(k + 1)

+
[

∆Ah
(k − Ta) −ΩAh

(k − Ta)
]

− ΓH(k + 1)

(4)

NG(k + 1) =NG(k) + γf (k)NS(k) − ∆D(k + 1)

−
[

γl(k) + γr(k)
]

NG(k) − ΓG(k + 1)
(5)

ND(k + 1) =ND(k) + ∆D(k + 1) − γr(k)ND(k)

+
[

∆Ad
(k − Ta) −ΩAd

(k − Ta)
]

− ΓD(k + 1)

(6)

NA(k + 1) =NA(k) + γr(k)NS(k) − ΓA(k + 1)

−
[

∆A(k − Ta) −ΩA(k − Ta)
] (7)

NAh
(k + 1) =NAh

(k) + γr(k)NH(k) − ΓAh
(k + 1)

−
[

∆Ah
(k − Ta) −ΩAh

(k − Ta)
] (8)

NAd
(k + 1) =NAd

(k) + γr(k)ND(k) − ΓAd
(k + 1)

−
[

∆Ad
(k − Ta) − ΩAd

(k − Ta)
] (9)

NAg
(k + 1) =NAg

(k) + γr(k)NG(k) − ΓAg
(k + 1)

−
[

∆Ag
(k − Ta) −ΩAg

(k − Ta)
] (10)

WhereΓS(k), ΓG(k), ΓA(k) andΓAg
(k) denote the num-

ber of robots that run out of searching time and will trans-
fer to statehomingat time stepk. ΓD(k), ΓH(k), ΓAd

(k)
andΓAh

(k) represent the number of robots that will move
to staterestingfrom statedeposit, homingandavoidancere-
spectively.ΩA(k), ΩAg

(k) represent the number of robots
in stateavoidancewhen their searching time is up and will
transfer to statehominginstead of previous statesearching
or grabbing; similarly, ΩAh

(k) andΩAd
(k) denote those

robots that will transfer to stateresting rather thanhoming
or deposit. The notations∆R(k), ∆G(k), ∆A(k), ∆Ah

(k),
∆Ag

(k) and∆Ad
(k) represent the number of robots moving

to corresponding state from any other states at time stepk,
while ∆S(k), ∆H(k) and∆D(k) depict the increased num-
ber of robots to corresponding states. The following equa-
tions explain these notations in detail.

∆R(k + 1) =ΓD(k + 1) + ΓAd
(k + 1)

+ ΓH(k + 1) + ΓAh
(k + 1)

(11)

∆S(k + 1) =∆R(k − Tr) (12)

∆H(k + 1) =ΓS(k + 1) + ΓG(k + 1)

+ ΓA(k + 1) + ΓAg
(k + 1)

(13)

∆G(k + 1) =γf (k)NS(k) (14)

∆D(k + 1) =
[

∆G(k − Tg) −ΩG(k − Tg)
]

∗ ΛG(k;Tg)
(15)

∆A(k + 1) =γr(k)NS(k) (16)

∆Ah
(k + 1) =γr(k)Nh(k) (17)

∆Ag
(k + 1) =γr(k)Ng(k) (18)

∆Ad
(k + 1) =γr(k)Nd(k) (19)

ΩG(k) in Eq.(15) represents those transfers to stategrab-
bing from statesearchingat time stepk but the remaining
searching time credit is not enough to allow the robot to grab
the food-item successfully, i.e. those robots will move to state
homingonce their searching time is up during the periodk to
k + Tg. ΛG(k;Tg) represents the fraction of robots success-
fully grabbing the food-item at time stepk after spendingTg

steps moving towards it. It is equivalent to the probabilityof
no transition to other states during the time interval[k−Tg, k],
and can be expressed as follows:

ΛG(k;Tg) =

k
∏

i=k−Tg

[1 − γl(i) − γr(i)] (20)



As the food-items will ‘grow’ in the environment at a cer-
tain rate, saypnew , to replenish the supply, and clearly a pro-
portion will be collected by the robots, equivalent to the num-
ber of robots transferring to statedepositat time stepk, i.e.
∆D(k), soM(k) can be expressed as follows.

M(k + 1) = M(k) + pnew − ∆D(k) (21)

We have now described most of the model, with the excep-
tion of those equations with notationΓ andΩ. The following
sections will address these equations.

3.2 sub-PFSM for “searching-grabbing” task

We now consider the number of robots which give up the
search task after their searching time is up. It is clear that
only the robots which move into statesearchingfrom state
restingat time stepk−Ts, with quantity∆S(k−Ts), have a
chance to time out and hence transfer to statehomingat time
stepk. In order to work out the exact number of robots that
move into statehomingat time stepk, we therefore only need
to take that fraction of robots into account. Figure 2 plots a
sub-PFSM for a “searching-grabbing” task extracted from the
full PFSM for swarm foraging shown in Fig.1. Note that the
lifetime for this sub-PFSM isTs.

S
N ′

S τs

G
N ′

G τg

A
N ′

A τa

Ag
N ′

Ag
τa

D
N ′

D τd

γfγl

γr

γr

Figure 2: sub-PFSM for robots engaged in the “searching-grabbing”
task, some robots will move to statedepositmeanwhile.

Let N ′

S(i; k) be the number of robots in statesearching,
andN ′

G(i; k), N ′

Ag
(i; k), N ′

A(i; k) for the other states ac-
cordingly, wherek indicates the date of birth (DOB) of the
sub-PFSM from the full PFSM.i indicates the current time
step for the sub-PFSM andi ∈ [k, k + Ts].

Using the same approach presented in section 3.1, we can
write down a number of difference equations to describe the
changes of the average number of robots for each state in the
sub-PFSM shown in Fig.2 as follows.

N ′

S(i+ 1; k) =N ′

S(i; k) + ∆′

Ag
(i− Ta; k)

+ ∆′

A(i− Ta; k) + γl(i)N
′

G(i; k)

−
[

γf (i) + γr(i)
]

N ′

S(i; k)

(22)

N ′

G(i+ 1; k) =N ′

G(i; k) + γf (i)N ′

S(i; k)

− [γr(i) + γl(i)]N
′

G(i; k)

− ∆′

G(i− Tg; k)ΛG(i;Tg)

(23)

N ′

Ag
(i+ 1; k) =N ′

Ag
(i; k) + γr(i)N

′

G(i; k)

− ∆′

Ag
(i− Ta; k)

(24)

N ′

A(i+ 1; k) =N ′

A(i; k) + γr(i)N
′

S(i; k)

− ∆′

A(i− Ta; k)
(25)

Where∆′

A(i; k), ∆′

Ag
(i; k) and∆′

G(i; k) represent the num-
ber of robots moving to stateavoidanceandgrabbingat time
stepi, and can be expressed as

∆′

A(i+ 1; k) =γr(i)N
′

S(i; k) (26)

∆′

Ag
(i+ 1; k) =γr(i)N

′

Ag
(i; k) (27)

∆′

G(i+ 1; k) =γf (i)N ′

S(i; k) (28)

Note thati ∈ [k, k + Ts − 1] and the initial condition
is N ′

S(k; k) = ∆S(k). The average number of robots in
each state in the sub-PFSM will evolve at the same time that
they are evolving in the full PFSM. Consider the meaning of
ΓS(k), ΓG(k), ΓA(k) andΓAg

(k) in the master difference
equations in section 3.1, then we have

ΓS(k) = N ′

S(k; k − Ts) (29)

ΓG(k) = N ′

G(k; k − Ts) (30)

ΓA(k) = N ′

A(k; k − Ts) (31)

ΓAg
(k) = N ′

Ag
(k; k − Ts) (32)

To calculate the number of robots that transfer to state
grabbing at time stepk − Tg but move to statehoming
due to the time limitation we first plot a series of line seg-
ments to represent the lifetime of the sub-swarms engaged
in the “searching-grabbing” task, with DOB fromk − Ts to
k−Ts−Tg +1, as shown in Fig.3, whereTg = 4 for simplic-
ity. And then another series of shorter line segments are plot-

k − Ts k

k − Tg

∆′

G(k − Tg; k − Ts)

k − Ts − 1

∆′

G(k − Tg; k − Ts − 1)

k − Ts − 2

∆′

G(k − Tg; k − Ts − 2)

k − Ts − 3

∆′

G(k − Tg; k − Ts − 3)

Figure 3: Line segments to represent the lifetime of the robots en-
gaged in “searching-grabbing”, whereTg = 4. Dashed line seg-
ments indicate the lifetime if there were no time limitation.

.

ted in Fig.3 to represent the lifetime for those which transfer
to stategrabbingduring time stepsi− Tg to i, wherei varies
from k to k − Tg + 1. Clearly,ΩG(k − Tg) is equivalent to



the sum of fraction of robots transferring to stategrabbingat
time stepk−Tg for each sub-swarm and can be expressed as

ΩG(k − Tg) =

k−Ts
∑

m=k−Ts−Tg+1

∆′

G(k − Tg;m) (33)

Similarly, we have

ΩA(k − Ta) =

k−Ts
∑

m=k−Ts−Ta+1

∆′

A(k − Ta;m) (34)

ΩAg
(k − Ta) =

k−Ts
∑

m=k−Ts−Ta+1

∆′

Ag
(k − Ta;m) (35)

3.3 sub-PFSM for “deposit” and “homing” task

Likewise, we can deduce the equations forΓD(k), ΓAd
(k),

andΩAd
using the same methodology. Let us consider the

sub-PFSMs for tasks “deposit” and “homing”, as shown in
Fig.4.

D
N ′

D τd

Ad
N ′

Ad
τa

H
N ′

H τh

Ah
N ′

Ah
τa

γr γr

Figure 4: sub-PFSM for robots engaged in sub task “deposit” (left)
and “homing” (right).

If N ′

D(i + 1; k) andN ′

Ad
(i + 1; k) denote the number of

robots in statedepositandavoidancerespectively, then we
have

N ′

D(i+ 1; k) = N ′

D(i; k) − γr(i)N
′

D(i; k)

+ ∆′

Ad
(i− Ta; k)

(36)

N ′

Ad
(i+ 1; k) = N ′

Ad
(i; k) + γr(i)N

′

D(i; k)

− ∆′

Ad
(i− Ta; k)

(37)

∆′

Ad
(i+ 1; k) = γr(i; k)N

′

D(i; k) (38)

Wherek indicates the DOB of sub-PFSM for the “deposit”
task,i indicates the current time step andi ∈ [k, k+ Td − 1].
Eq.(36)-(38) will evolve with the full PFSM evolving, with
initial condition N ′

D(k; k) = ∆D(k). Therefore,ΓD(k),
ΓAd

(k) andΩAd
are given by

ΓD(k) = N ′

D(k; k − Td) (39)

ΓAd
(k) = N ′

Ad
(k; k − Td) (40)

ΩAd
(k − Ta) =

k−Td
∑

m=k−Td−Ta+1

∆′

Ad
(k − Ta;m) (41)

Again, for the sub-PFSM of task “homing”, as shown in
Fig.4:right, we have

N ′

H(i+ 1; k) = N ′

H(i; k) − γr(i)N
′

H(i; k)

+ ∆′

Ah
(i− Ta; k)

(42)

N ′

Ah
(i+ 1; k) = N ′

Ah
(i; k) + γr(i)N

′

H(i; k)

− ∆′

Ah
(i− Ta; k)

(43)

∆′

Ah
(i+ 1; k) = γr(i; k)N

′

H(i; k) (44)

Wherei ∈ [k, k + Th − 1] andN ′

H(k; k) = ∆H(k). ΓH(k),
ΓAh

(k) andΩAh
(k − Ta) can be expressed as

ΓH(k) = N ′

H(k; k − Th) (45)

ΓAh
(k) = N ′

Ah
(k; k − Th) (46)

ΩAh
(k − Ta) =

k−Th
∑

m=k−Th−Ta+1

∆′

Ah
(k − Ta;m) (47)

3.4 the swarm with energy consumption

Assume that each robot will consume a certain amount of en-
ergy each time step; the value will, of course, vary in different
states depending on which actuators and sensors are used. For
simplicity, let us assume the robot will consumeEr units of
energy in staterestingandαEr units of energy in other states
each time step, whereα ≫ 1. One collected food-item will
deliver the swarm withEc units of energy. IfE(k) denotes
the net energy income for the swarm at time stepk then

E(k + 1) =E(k) + Ec∆D(k − Td) − ErNR(k)

− αEr(N0 −NR(k))
(48)

4. Geometrical Estimation of Transition Prob-
abilities and Tg, Td, Th

In order to solve the equations in section 3, we must estimate
each of the state transition probabilities and time parameters
Tg, Td andTh (Ts, Tr andTa are part of the design param-
eters for the behaviours of each robot in the swarm). These
parameters, however, are related to the strategy of the indi-
vidual robots used and the environmental parameters, such as
the forward speed of the robots, the size of arena, etc. Figure
5 shows a typical setup for the foraging task, which we will
use to validate the probabilistic model in simulation. There is
a home region located in the centre with radiusRh, where the
robots will rest and unload the food-items. The whole arena
is bounded with a wall to prevent robots moving too far away
from the ‘nest’. For simplicity, assume the food-items will
‘grow’ randomly within the ring area between radiusRinner

and radiusRouter, as shown in Fig.5. Based on geometrical
considerations and a robot’s strategy in the swarm, we can
then estimate all required transition probabilities and time pa-
rameters as follows.

4.1 Probability to find food-itemsγf(k)

As food-items ‘grow’ randomly within the arena, the proba-
bility that one food-item is found by a robot, denoted byPf ,
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Figure 5: Environmental setup for foraging task.

can be expressed as the ratio of the detection region covered
by the robot in each time step to the size of area in which the
food-items could be located. IfSdetect denotes the area cov-
ered by the robot andSf denotes the area the food-items will
grow up in, thenPf = Sdetect/Sf . Assume the robot moves
forward at speedV , and is equipped with a camera which has
a view angleψv and detection rangeRv, as the robotA shown
in Fig.5, then we have

Pf =
Sdectect

Sf

=
ψvRvV∆t

π(R2
outer −R2

inner)
(49)

Where∆t is the duration of one time step. Then the proba-
bility that the robot catch the sight of at least one food-item
can be expressed as

γf (k) = 1 − (1 − Pf )M(k) (50)

Normally,Pf ≪ 1, then Eq.(50) can be simplified as

γf (k) = PfM(k) (51)

4.2 Probability of collision with teammateγr(k)

Consider one robot and teammates within its vicinity, as
shown in Fig.6:(a). RobotA may collide with its teammates,
robotB andC, only if robotB orC is close enough to trigger
robotA’s bumper sensors after one time step. As each robot
moves around the arena simultaneously, assume the heading
of robotB or C relative to robotA varies from0◦ to 360◦

uniformly, then the relative speed of robotB orC to robotA
will vary from 0 to 2V , as shown in Fig.6:(b). As a result,
if robot B or C is located in areaC as shown in Fig.6:(c),
they will probably move into robotA’s bumper sensor detec-
tion region, the region with hatched lines shown in Fig.6:(c),
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Figure 6: (a): Robots ready to collide with each other. (b): The
speed of robotB relative to robotA. (c): Geometrical consideration
for probability of collision.

which in turn forces robotA to move into stateavoidancein
the next time step. LetPin denote the probability that a robot
is located in areaC, Pa the probability that the robot located
in areaC will trigger robotA’s bumper sensor next time step,
andNactive(k) the number of robots working in the arena
currently, then the probability that robotA will move to state
avoidancein the next time step can be expressed as follows

γr(k + 1) = 1 − (1 − PinPa)
Nactive(k)−1 (52)

WhereNactive(k) = N0 − NR(k). Generally,PinPa ≪ 1,
then Eq.(52) can be simplified as

γr(k + 1) = (Nactive(k) − 1)PinPa (53)

Pin can be obtained with simple geometrical considera-
tions as the ratio of size of areaC to the size of the whole
working area, that is

Pin =
2V∆tψb(Rb +Rp)

π(R2
outer −R2

inner)
(54)

WhereRb andψb is the detection range and detection angle
of bumper sensors respectively, andRp is the radius of the
robot. Note that the physical size of robots are approximated
by circles, as shown in Fig.6:(a).

To calculatePa, let us treat each robot as a point located
in its mechanical centre, as shown in Fig.6:(c). If we takeA
as a reference point then, after one time step, robotB will
move to a new position which could be any position located
on the circle shown in Fig.6:(b). Clearly, if the new position
is within areaN it will trigger robotA’s bumper sensors. As
robotB could possibly be in any position within the areaC,



its new possible position after one time step, then, could cover
anywhere within areaC andN. ThereforePa is simply the
ratio of size of areaN to the total size of areasC andN, i.e
Pa = 0.5.

4.3 Probability to lose sight of targetγl(k)

The robot will potentially lose sight of the target when it
is moving towards a food-item because of the competition
among robots. The robots, except those in stateresting, hom-
ing anddeposit, will take part in food competition. Clearly,
the more robots in competition, the more likely one robot will
lose sight of its target. On the other hand, with more food-
items available there is less chance the robot will lose sight of
its target. IfN ′(k) denotes the number of robots competing
for food, then we have

N ′(k) =N0 −
[

NR(k) +NH(k) +NAh
(k)

+ND(k) +NAd
(k)

] (55)

Suppose there areNfa
robots located in the vicinity of food

item a within radiusRv. Not all of them will catch sight of
food-itema, as robotB shown in Fig.5. Letpg denote the
probability that each of those robots will compete for food-
item a (move toward it). Assume each robot has a random
heading, thenpg can be estimated based on the following
equation

pg =
ψv

2π
(56)

To calculateγl for robotA shown in Fig.5, which is moving
towards food-itema (in stategrabbing), let us assume each
robot has the same chance to get close to food-itema. It
follows that robotA has1/Nfa

probability to be the closest
robot. Since robotA is moving towards food-itema, it will
finally pick up food-itema successfully afterTg steps if it is
the closest robot. In the case that robotA is not the closest
robot to food-itema, with probability (1 − 1/Nfa

), it can
still pick up the food-item only if none of the otherNfa

− 1
robots see food-itema or takea as a target. It is possible
that one robot can see more than one, sayMfa

, food-items at
the same time as the food-items are scattered randomly, but
clearly the robot will only be able to move toward and grab
one of them, therefore, each food-item has probability1/Mfa

to be the target food-item of the robot. For thoseNfa
− 1

robots, the probability of any of them competing for itema
can therefore be expressed aspg∗1/Mfa

. So robotAwill lose
sight of food-itema if it is not the closest robot and there is at
least one other robot competing for food-itema. On average,
it will take (Tg/2) steps for another closer robot to collect
the food-itema. The probability that robotA loses sight of
food-itema at each time step can therefore be expressed as

γl(k) = 2

(

1 −
1

Nfa

)(

1 − (1 −
pg

Mfa

)Nfa−1

)

/Tg (57)

As the food-items are randomly scattered,Nfa
andMfa

can be obtained with simple geometrical consideration as:

Nfa
=

R2
v

(R2
outer −R2

inner)
N ′(k) (58)

Mfa
=

ψvR
2
v

2π(R2
outer −R2

inner)
M(k) (59)

4.4 Time parametersTg, Td andTh

The average time it takes the robot to move to a target pos-
tion depends on the strategy the robot uses. We now esti-
mate the average time the robot will stay in stategrabbing,
i.e. Tg. For simplicity, assume that the robot will turn to face
the food-item at speedw1 until the food-item is located in the
centre of the camera view, then the robot will move towards
the food-item at normal speedV and grab it as soon as it is
close enough. Figure 7 shows the action sequence the robot
will take after it sees a food-item.

Φ

ψ2

Rv

Figure 7: Strategies to grab the food-item: first turn and face the
target, then move forward and grab when close enough.

As a result, the average time the robot stays in stategrab-
bing is the sum of time spent on ‘turning’,tr, ‘forward’, tm,
and ‘loading’,tl, that is,

τg = tr + tm + tl (60)

Wheretl depends on the response time of grippers and is a
design parameter.tr is decided by the average angle,Φ, the
robot needs to turn in order to face the food-item and the ro-
tation speedw1, i.e. tr = Φ/w1. tm then depends on the av-
erage distance,D, the robot needs to move before it can grab
the food-item, and the forward speedV , that istm = D/V .
As the food-items grow randomly within the arena, without
loss of generality, we can assumeD = Rv andΦ = ψv/2,
thus we obtain

τg =
ψv

2w1
+
Rv

V
+ tl (61)

In a similar manner, the robot will turn and face the di-
rection of the nest as soon as it has grabbed the food-item
successfully (move to statedeposit), and it will then move
forward until it reaches the nest region. So we can estimate
the average deposit timeτd as follows.

τd =
Dd

V
+ tf (62)



wheretf is the average time the robot spends turning to face
home, andDd is the average distance the robot then travels.
Clearly,Dd is related to the distribution of food-items in the
arena as the robot will start to move back to the nest from
where it grabbed the food-items. The food-items grow up
randomly (and uniformly) within the arena according to the
task description, thereforeDd is estimated as

Dd =
2(R3

outer −R3
inner)

3(R2
outer −R2

inner)
−Rh (63)

Let Φ2 denote the average angle the robot needs to turn in
order to face home, andw2 be the turning speed, then

tf = Φ2/w2 (64)

Suppose the robot has a random heading when it starts to turn,
then the relative angle it need to turn will vary from0◦ to
180◦, so thatΦ2 = 90◦.

Now we have obtainedτg andτd we can discretise asTg

andTd by dividing by the duration of each time step,∆t. For
a robot in statehoming, clearly it uses the same strategy to
return home except that there is no food-item in its gripper,
hence we assumeTh = Td.

5. Validation of the Model

Table 1: Parameters for simulation

parameters value parameters value
V 0.15m/s Router 3m
w1 15◦/s Er 1unit
w2 20◦/s αEr 10unit
ψv 60◦ Ec 2000units
ψb 95◦ ∆t 0.25sec
Rv 2m tl 2sec
Rb 0.4m τa 2sec
Rp 0.13m τs 100sec
Rh 0.5m τr [0, 200]sec
Rinner 0.7m pnew 0.04

We have used the sensor-based simulation tools Play-
er/Stage (Gerkey et al., 2003) to validate our probabilistic
model for the swarm foraging task. Eight robots are each
equipped with three bumper sensors to avoid collisions with
teammates or walls, three light sensors to find the way back to
the ‘nest’, and a camera to find the food-items scattered in an
octagonal arena, as shown in Fig.5. Each robot has the same
behaviour set as described in our previous paper (Liu et al.,
2006). Table 1 summarises the value of parameters used for
simulation.

We have run six types of experiment by changing the rest-
ing time parametersτr in simulation, from0 to 200 seconds
with an interval of40 seconds. Each experiment is repeated
10 times and each simulation lasts for 20000 seconds. With
the same parameters used in the simulation we have com-
puted the probabilistic model presented in previous sections.

Figure 8 compares the final net energy of the swarm from the
simulation and the model. Error bars show the standard de-
viation for 10 runs of simulation. Fig. 8 clearly shows that
results from the probabilistic model match those from simula-
tion very well. In addition, withτr increasing from0 to 160,
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Figure 8: Total net energy of swarm after 20000 seconds for a swarm
of 8 robots with different resting time threshold.

the net energy of the swarm increases but will decrease ifτr
is set to200 seconds, which implies that in order to gain the
maximal net energy for the swarm there should be an optimal
value ofτr for individual robots. Such a value, obviously, can
be obtained using the probabilistic model much more easily
than running the simulation based on trial and error.
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Figure 9: Simulated and predicted instantaneous net energyof the
swarm.

Figure 9 plots the instantaneous net energy of the swarm
from both simulation and mathematical model withτr = 80
seconds. A very good agreement between the predicted and
simulated instantaneous net energy of the swarm can be ob-
served clearly. We also notice that the increase of net energy
of the swarm over time is almost linear for all simulations.
To examine this we plot the instantaneous average number
of robots, from both simulation and mathematical model, in
statessearching, resting and homing1 for the swarm with

1For clarity the other states are not plotted but show similarrelationships
between measured and predicted values.
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Figure 10: Instantaneous number of robots in statessearching, rest-
ing andhomingfor the swarm withτr = 80.

τr = 80. As shown in Fig.10, for each state, the average num-
ber of robots from the probabilistic model will reach a steady
value after some time steps. Alternatively, the average num-
ber of robots from simulation oscillates over time but stays
near the value predicted by the model. Consider the defini-
tion of net energy of the swarm in Eq.(48), it is not suprising
that the increase of net energy of the swarm is almost linear
as shown in Fig.9. Thus, we have good reason to believe that
the model can be used to capture the dynamics of the system
with reasonable accuracy.

6. Conclusions and Future work

In this paper we have proposed a probabilistic model for a
swarm of foraging robots. A probabilistic finite state machine
(PFSM) for the swarm foraging task and its description as a
set of difference equations has been presented. With some
simplifying assumptions, we have developed a novel geomet-
rical approach for estimation of the state transition probabil-
ities for the PFSM, from consideration of detailed actions of
robot behaviours. We have validated our probabilistic model
using a sensor-based simulation and the results show excel-
lent agreement between the model and the simulation. We
conclude that the model can be used to analyse the effect
of individual parameters on the performance of the swarm
and to optimise robot parameters. Combining with an appro-
priate searching technique, for example, a genetic algorithm,
the model can be used to find an optimal resting time thresh-
old for individual robots in order to improve the performance.
However, as presented in this paper, the model assumes ho-
mogeneous robots whereas the full algorithm in (Liu et al.,
2006) allows robots to individually adapt their search and rest
time parameters to optimise net energy income to the swarm
for a given food density. We will expand the model to deal
with swarm adaptation in future work.
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